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MAL’CEV CONDITIONS FROM GRAPHS FOR
CONGRUENCES AND TOLERANCES
PAOLO LIPPARINI
Abstract. In [L4] we showed that, under certain conditions, a variety
satisfies a given congruence identity if and only if it satisfies the same
tolerance identity. Moreover, we mentioned that a parallel result holds
for Mal’cev conditions arising from graphs. In the present note we give
detailed definitions and state these more general results.
The motivating example for our constructions is the following. To every
{◦,∩}-term p one can associate a labeled graph Gp with 2 distinguished
vertices. See [C1, C2, C3, CD, L4] for details. Notice that not every graph
can be constructed as the graph associated with some term, as shown by
the example of the graph with 4 vertices in which every pair of vertices is
connected through some edge. Our aim here is to show that certain theorems
previously stated only for graphs associated with terms do hold for arbitrary
graphs, as sketched in [L4, Section 7].
The classical theory of Mal’cev conditions associates a conditionM(p ⊆ q)
to each {◦,∩}-inclusion p ⊆ q. However, the definition of M(p ⊆ q) is
actually given in function of the graphs Gp and Gq alone, with no further
reference to the terms p and q. This is particularly evident on [CD, p. 224];
however, it is also implicit in [C1, C2, C3]. One can define exactly in the
same way a strong Mal’cev conditionM(G,H), whereG andH are arbitrary
edge-labeled graphs with distinguished vertices, no matter whether or not
G and H are associated with terms. We can treat with no additional efforts
the slightly more general case in which we allow more than 2 distinguished
vertices.
Definition 1. Suppose that G,H are graphs with edges labeled by n labels
α1, . . . , αn and with h distinguished vertices d1, . . . , dh and e1, . . . , eh. Let
V and W denote the set of all vertices of G and H.
For each i with 1 ≤ i ≤ n, let ∼i be the least equivalence relation on V
such that v ∼i v
′ whenever v and v′ are vertices of V which are connected by
some edge labeled by αi. For each i with 1 ≤ i ≤ n, fix pii to be any function
from V to an arbitrary set of variables with the property that ker pii =∼i.
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If G is finite, the Mal’cev condition M(G,H) involves operations tw (w ∈
W ) depending on |V | variables (in fact, we shall identify the variables of tw
with the vertices of Gp). Given a fixed arbitrary enumeration v1, . . . , vm of
V , the identities of M(G,H) are the following:
vdk = tek(v1, v2, . . . , vm)
for k = 1, . . . , h, plus all the identities:
(mw,w′,i) tw(pii(v1), pii(v2), . . . , pii(vm)) = tw′(pii(v1), pii(v2), . . . , pii(vm)),
whenever w and w′ are vertices of G connected by an edge labeled αi.
In the particular case when G and H are associated with terms, we get
the classical strong Mal’cev condition associated to an inclusion. Namely, if
G = Gp andH = Gq, thenM(Gp,Gq) turns out to be equal to the classical
M(p ⊆ q).
The Mal’cev conditions introduced in Definition 1 are connected with
properties of congruences in algebras by the next definition.
Definition 2. Suppose that G is a graph with h > 1 distinguished vertices
d1, . . . , dh and with edges labeled by the set of labels {R1, ..., Rn}, where the
Ri’s are symmetric and reflexive binary relations on some set A.
We say that the elements a1, . . . , ah ∈ A can be connected by the graph
G if and only if there exists some function c from the set V of vertices of G
to A, sending v ∈ V to cv ∈ A, such that a1 = cd1 , . . . , ah = cdh , and such
that whenever the vertices v,w ∈ V are connected by an edge labeled by Ri,
then cv Ri cw (cf. [C3, Claim 1], [C2, Proposition 3.1] and [L4, Proposition
2.1]).
We define the h-ary relation G(R1, ..., Rn) on A as follows: a1, . . . , ah ∈
G(R1, ..., Rn) if and only if a1, . . . , ah ∈ A can be connected by the graph
G.
Notice that if A is an algebra and the Ri’s are compatible relations then
G(R1, ..., Rn) is compatible, too, that is, a subalgebra of A
h.
In the particular case when the graph G = Gp is associated to the term
p we get that (a1, a2) ∈ Gp(R1, ..., Rn) if and only if (a1, a2) ∈ p(R1, ..., Rn).
Suppose that H is another graph of the same type. Tolerances will be
indicated be Θ,Φ, . . . , and congruences by α, β . . . . We say that A sat-
isfies G ⊆ H for tolerances, or simply that A satisfies G(Θ1, . . . ,Θn) ⊆
H(Θ1, . . . ,Θn), if and only if the inclusion G(Θ1, . . . ,Θn) ⊆ H(Θ1, . . . ,Θn)
holds for all n-tuples Θ1, . . . ,Θn of tolerances on A. We similarly say
that A satisfies G ⊆ H for congruences, or A satisfies G(α1, . . . , αn) ⊆
H(α1, . . . , αn) when the Ri’s are only allowed to vary among congruences.
Finally, we say that a variety V satisfies G ⊆ H for tolerances, or con-
gruences in case every algebra in V does.
The classical arguments by Wille and Pixley [P, W] now furnish the fol-
lowing.
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Theorem 3. For every variety V and graphs G and H, if G is finite, then
the following are equivalent.
(i) V satisfies G(α1, . . . , αn) ⊆ H(α1, . . . , αn).
(ii) The free algebra in V generated by |V | elements satisfiesG(α1, . . . , αn) ⊆
H(α1, . . . , αn).
(iii) V satisfies the Mal’cev condition M(G,H).
Proof. (i) ⇒ (ii) is trivial.
(ii) ⇒ (iii) Consider the free algebra in V generated by the set V of the
vertices of G and, for every i, let αi be the smallest congruence containing
each equivalence class of ∼i. The elements d1, . . . , dh can be connected by
the graph G, that is, d1, . . . , dh ∈ G(R1, ..., Rn), hence, by assumption,
d1, . . . , dh ∈ H(R1, ..., Rn).
If we write down explicitly this last condition, (letting e1 = d1, . . . , eh =
dh) and since we are in a free algebra, we get exactly terms givingM(G,H).
(iii) ⇒ (i). Suppose that A ∈ V and that a1, . . . , ah can be connected by
the graph G. This is witnessed by |V | elements a1, . . . , am ∈ A. Then the
elements tw(a1, . . . , am) (w ∈ W ) witness that a1, . . . , ah can be connected
by the graph H, by using the identities in M(G,H). 
In the particular case when G and H are associated with terms, we get
back the classical version of the Wille and Pixley Theorem: for congruences,
a variety satisfies p ⊆ q if and only if it satisfies M(p ⊆ q), which equals
M(Gp,Gq).
We now want to formulate a result which connects conditions on congru-
ences to conditions on tolerances, as in [L4].
In [L3, L4] we introduced and studied the following notions.
Definition 4. A tolerance Θ of some algebraA is representable if and only if
there exists a compatible and reflexive relation R onA such that Θ = R◦R−
(here, R− denotes the converse of R).
A tolerance Θ of some algebra A is weakly representable if and only if
there exists a set K (possibly infinite) and there are compatible and reflexive
relations Rk (k ∈ K) on A such that Θ =
⋂
k∈K(Rk ◦R
−
k
).
We say that the graph G is regular if and only if it is finite and for every
1 ≤ i ≤ n all equivalence classes of ∼i have cardinality ≤ 2. Thus, if a term
p is regular in the sense of [L4], then the labeled graph associated with p is
regular.
The methods of [L4] imply the following statement, which generalizes [L4,
Theorem 3.1].
Theorem 5. For every variety V and graphs G and H, if G is regular, then
the following are equivalent.
(i) V satisfies G(α1, . . . , αn) ⊆ H(α1, . . . , αn) for congruences.
(ii) V satisfies G(Θ1, . . . ,Θn) ⊆ H(Θ1, . . . ,Θn) for representable toler-
ances.
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(iii) V satisfies G(Θ1, . . . ,Θn) ⊆ H(Θ1, . . . ,Θn) for weakly representable
tolerances.
(iv) V satisfies G(Θ1 ◦ Θ1, . . . ,Θn ◦ Θn) ⊆ H(Θ1 ◦ Θ1, . . . ,Θn ◦ Θn) for
arbitrary tolerances.
Theorem 5 has the following immediate corollary (cf. [L4, Corollary 5.1]).
Corollary 6. For every variety V and graphs G and H, if G is regular,
then the following are equivalent.
(i) V satisfies G(α1, . . . , αn) ⊆ H(α1, . . . , αn).
(ii) V satisfies G(β1 ◦ γ1 ◦ β1, . . . , βn ◦ γn ◦ βn) ⊆ H(β1 ◦ γ1 ◦ β1, . . . , βn ◦
γn ◦ βn).
(iii) For every (equivalently, some) odd m ≥ 1, V satisfies G(β1 ◦m
γ1, . . . , βn ◦m γn) ⊆ H(β1 ◦m γ1, . . . , βn ◦m γn).
There is a version of Theorem 5 in which the assumption that G is reg-
ular is not necessary. If G is finite, compute the integers ki (which de-
pend only on G) as follows. If X is an equivalence class of ∼i in the
graph G and x ∈ X, let ki(x,X) be the smallest integer such that ev-
ery element of X can be connected to x by a path of length ≤ ki(x,X)
contained in X. Let ki(X) be inf{ki(x,X)|x ∈ X} and finally let ki =
2 · sup{ki(X)|X an equivalence class of ∼i} (compare the remark after [L4,
Proposition 7.6]). If Θ is a tolerance, let Θk denote Θ ◦Θ . . . with k occur-
rences of Θ.
Theorem 7. For every variety V and graphs G and H, the following are
equivalent.
(i) V satisfies G(α1, . . . , αn) ⊆ H(α1, . . . , αn) for congruences.
(ii) V satisfies G(Θ1, . . . ,Θn) ⊆ H(Θ
k1
1 , . . . ,Θ
kn
n ) for tolerances.
Remarks 8. (a) A generalization of [L4, Remark 7.2] along the lines de-
scribed here holds, too.
(b) We have other applications of the main trick used in the proof of [L4,
Theorem 3.1]). For example, in certain cases, we may allow q there to contain
the operation α∪˙β = α ∪ β, where X denotes the least admissible relation
generated by X. Moreover, we have results in which p, q are allowed to
contain the ternary operations K(α, β; γ) andKrs(α, β; γ) introduced in [L1,
Definition 3.4 and p. 867] (cf. also [L2]). We know still further applications
of the arguments in the proof of [L4, Theorem 3.1]) and Theorem 5. All
such generalizations are not yet published.
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